Abstract. We determine the non-abelian finite p-groups G with C G ðxÞ c H for any minimal non-abelian subgroup H of G and each x A H À ZðGÞ (Theorem 1.1). This solves Problem 757 of Berkovich [1] .
Introduction and preliminary results
We consider here only finite p-groups and our notation is standard. In studying the structure of non-abelian p-groups G, the minimal non-abelian subgroups of G play an important role since they generate the group G. More precisely, if A is a maximal normal abelian subgroup of G, then minimal non-abelian subgroups of G cover the set G À A (see Proposition 1.6).
It is an open problem to classify the non-abelian p-groups which are covered by their minimal non-abelian subgroups. In this note we consider two special cases of this problem.
First we determine in Theorem 1.1 non-abelian p-groups G with the property that C G ðxÞ c H for any minimal non-abelian subgroup H of G and each x A H À ZðGÞ. It is easily seen that the assumption of Theorem 1.1 implies that each abelian subgroup of G is contained in a minimal non-abelian subgroup and so in this case G is covered by its minimal non-abelian subgroups. Theorem 1.1. Let G be a finite non-abelian p-group such that for each minimal nonabelian subgroup H of G and each x A H À ZðGÞ, we have C G ðxÞ c H. Then one of the following holds.
(a) G is minimal non-abelian.
(b) p ¼ 2, jGj ¼ 2 6 and G is isomorphic to a Sylow 2-subgroup of the simple group Szð8Þ. 
(b).
Conversely, all of the above groups satisfy the assumptions of the theorem.
In Theorem 1.2 we classify the non-abelian p-groups G such that whenever A is a maximal subgroup of any minimal non-abelian subgroup H in G, then A is also a maximal abelian subgroup of G. Again, it easily seen that the assumption of Theorem 1.2 implies that each abelian subgroup of G is contained in a minimal nonabelian subgroup in G and so the minimal non-abelian subgroups of G cover G. Theorem 1.2. Let G be a finite non-abelian p-group such that whenever A is a maximal subgroup of any minimal non-abelian subgroup H in G, then A is also a maximal abelian subgroup of G. Then each abelian subgroup of G is contained in a minimal nonabelian subgroup and one of the following holds.
(b) G is metacyclic.
(c) p ¼ 2, jGj ¼ 2 6 and G is isomorphic to a Sylow 2-subgroup of the simple group Szð8Þ defined in Proposition 1.7 (a).
G E p 2 , and G is one of the groups defined in Proposition 1.7 (b).
In Theorem 1.3 we classify the non-abelian 2-groups all of whose minimal nonabelian subgroups are isomorphic to Q 8 or to the group
This solves Problem 1470 (i) of Berkovich [1] . This theorem generalizes a result of Blackburn [4] concerning p-groups G which possess non-normal subgroups and such that the intersection of all non-normal subgroups is non-trivial (Corollary 1.4). Namely, it is easy to see that in such p-groups G we must have p ¼ 2 and each minimal non-abelian subgroup of G is isomorphic to Q 8 or H 2 .
Theorem 1.3. Let G be a finite non-abelian 2-group all of whose minimal non-abelian subgroups are isomorphic to
Then the following holds.
(a) If expðGÞ > 4, then G has a unique abelian maximal subgroup A, jG 0 j > 2, and all elements in G À A are of order 4. We have W 1 ðAÞ ¼ W 1 ðGÞ c ZðGÞ, and if x A G À A then x inverts each element of A=W 1 ðAÞ.
where expðV Þ c 2 and for the group K we have one of the following possibilities:
(b2) K is the minimal non-metacyclic group of order 2 5 given in Proposition 1.11 (b); (b3) K is a unique special group of order 2 6 with ZðKÞ G E 4 given in Proposition 1.11 (c) in which every maximal subgroup is isomorphic to the minimal nonmetacyclic group of order 2 5 ( from (b2)); 
where K is special of order 2 6 and
Conversely, in each of the groups in part (b) every minimal non-abelian subgroup is isomorphic to Q 8 or H 2 . Corollary 1.4 (Blackburn [4] ). Let G be a finite p-group which has non-normal subgroups and let RðGÞ be the intersection of all non-normal subgroups. If RðGÞ > f1g, then p ¼ 2, jRðGÞj ¼ 2 and one of the following holds.
(c) G has an abelian maximal subgroup A with expðAÞ > 2 and an element x A G À A of order 4 which inverts each element in A.
Proof. Using an argument of Berkovich [1, Lemma 1.26] , it is easy to see that p ¼ 2, jRðGÞj ¼ 2 and each minimal non-abelian subgroup of G is isomorphic to Q 8 or
bi be a minimal non-abelian subgroup of G which is not isomorphic to Q 8 . If H is not metacyclic, then it is possible to choose a and b so that hai V hbi ¼ f1g, a contradiction since hai and hbi are not normal in H. Thus (from Proposition 1.5)
and H is metacyclic. Then hbi t = H and so RðGÞ < hbi. If n > m and W m ðhbiÞ ¼ hxi, then haxi t = H and so RðGÞ c hbi V haxi ¼ f1g, a contradiction. Let n < m and W n ðhaiÞ ¼ h yi. Then hbyi t = H and so RðGÞ c hbi V hbyi ¼ f1g, If all minimal nonabelian subgroups of G are isomorphic to Q 8 , then Proposition 1.12 implies that G ¼ Q Â V , where Q G Q 2 n is generalized quaternion of order 2 n , n d 4, and expðV Þ c 2 and so again RðGÞ ¼ ZðQÞ is of order 2.
We are now in a position to use Theorem 1.3. Suppose that G is one of the groups of part (a) of that theorem. For each a A A and for x A G À A we have oðaxÞ ¼ 4 and so haxi t = G (since jG 0 j > 2). This gives x 2 ¼ ðaxÞ 2 ¼ ax 2 a x and a x ¼ a À1 and so we have obtained a group of part (a) of our corollary. If G is a group of Theorem 1.3 (b2), then using the notation from Proposition 1.11 (b), we have hai V hbi ¼ f1g and hai and hbi are non-normal in K, a contradiction. If G is a group of Theorem 1.3 (b7), then hdi V hadi ¼ f1g and hdi and hadi are non-normal in K, a contradiction. Hence there remain the groups given in parts (a), (b) and (c) of our corollary. r
In the proof of our theorems and the above corollary we use the following known results. 
If a p-group G is non-metacyclic minimal non-abelian, then
where in case p ¼ 2 we must have m > (a) p ¼ 2, dðGÞ ¼ 3 and
where G is a special 2-group of order 2 6 with
and G is isomorphic to an S 2 -subgroup of the simple group Szð8Þ.
(b) p > 2, dðGÞ ¼ 2, G is of order 2 5 and
where in case p > 3, 4bg þ ðd À aÞ 2 is a quadratic non-residue modulo p. Here
and
Proposition 1.8 (Blackburn [3] ). Let G be a p-group, where p > 2. Suppose that G has no normal elementary abelian subgroup of order p 3 . Then one of the following holds.
(a) G is metacyclic.
(b) G is a 3-group of maximal class; each such group has a self-centralizing subgroup of order 9.
(c) G ¼ EH, where E ¼ W 1 ðGÞ is non-abelian of order p 3 and exponent p, H is cyclic with E V H ¼ ZðEÞ and ZðGÞ ¼ C G ðEÞ c H with jH : ZðGÞj c p. Proposition 1.9 (see Janko [5, Theorem 7.1] ). Let G be a minimal non-metacyclic 2-group. Then one of the following holds.
(a) G is elementary abelian of order 8.
(d) G is a unique special group of order 2 5 with G 0 ¼ ZðGÞ G E 4 and having an abelian maximal subgroup of type ð4; 4Þ (given in Proposition 1.11 (b)). . Let G be a non-abelian 2-group all of whose minimal non-abelian subgroups are isomorphic to the group
If G is of exponent 4 then G ¼ K Â V , where expðV Þ c 2, and for the group K we have one of the following possibilities.
(c) K is a unique special group of order 2 6 with ZðKÞ G E 4 in which every maximal subgroup is minimal non-metacyclic of order 2 5 ( from (b)): Conversely, in each of the above groups every minimal non-abelian subgroup is isomorphic to H 2 .
Proposition 1.12 ([6, Corollary 2.4]).
Let G be a non-abelian 2-group all of whose minimal non-abelian subgroups are isomorphic to Q 8 . Then G ¼ Q Â V , where Q G Q 2 n is a generalized quaternion group of order 2 n , n d 3, and expðV Þ c 2.
Proposition 1.13 ( [7] ). Let G be a 2-group with exactly three involutions and assume that ZðGÞ is non-cyclic. Then G has a normal metacyclic subgroup M such that G=M is elementary abelian of order at most 4.
Proposition 1.14 ([7, Proposition 1.9]). Let G be a non-abelian p-group with an abelian maximal subgroup. Then jGj ¼ pjZðGÞj jG 0 j.
Let G be a non-abelian 2-group all of whose minimal non-abelian subgroups are isomorphic to
Then we prove the following three key lemmas which play an important role in the proof of Theorem 1.3. Lemma 1.15. We have W 1 ðGÞ c ZðGÞ.
Proof. Since D 8 is not a subgroup of G, W 1 ðGÞ is elementary abelian. Let x A G be any element of order 4 so that x 2 A W 1 ðGÞ and assume that G 0 ¼ W 1 ðGÞhxi is nonabelian. By Proposition 1.6 applied for the group G 0 , for some a A W 1 ðGÞ the subgroup ha; xi is minimal non-abelian. But then a is a non-central involution in ha; xi, contrary to the structure of Q 8 or H 2 . Hence x centralizes W 1 ðGÞ. Since G is generated by its minimal non-abelian subgroups, we have W 2 ðGÞ ¼ G which implies W 1 ðGÞ c ZðGÞ. r Lemma 1.16. Suppose that G has an element v of order 4 such that C G ðvÞ is nonabelian. Then C G ðvÞ has minimal non-abelian subgroups isomorphic to H 2 and for each such subgroup H ¼ ha;
(which is a unique involution in H that is not a square in H) and moreover Hhvi ¼ ha; vbi Â hvi G Q 8 Â C 4 . In particular, G has no subgroup isomorphic to
Proof. Since C G ðvÞ has central elements of order 4, Proposition 1.12 implies that C G ðvÞ has subgroups isomorphic to
bi is a non-metacyclic minimal nonabelian subgroup of order 2 5 and exponent 4, a contradiction. Hence v B H and 
and so hac; bdi is non-metacyclic, a contradiction. r 2 Proof of Theorem 1.1
Let G be a finite non-abelian p-group such that for each minimal non-abelian subgroup H and each x A H À ZðGÞ we have C G ðxÞ c H. Let A be a maximal normal abelian subgroup of G. Then for each x A G À A, there is an element x A A such that H ¼ ha; xi is minimal non-abelian (by Proposition 1.6). Since a B ZðHÞ, it follows that C G ðaÞ c H and so A c H. But A is a maximal abelian subgroup in H and so jH : Aj ¼ p and x p A A. It follows that expðG=AÞ ¼ p. If H ¼ G, then G is minimal non-abelian and we have obtained the groups stated in part (a) of Theorem 1.1.
In what follows we assume that jG=Aj d p 2 . For each x A G À A, x p A A, Ahxi is minimal non-abelian and x B ZðAhxiÞ so that C G ðxÞ c Ahxi and C G ðxÞ ¼ hxiC A ðxÞ is abelian and jA : C A ðxÞj ¼ p. Therefore, A and C G ðxÞ (for x A G À A) are all maximal abelian subgroups in G. Let K=A be a normal subgroup of order p in G=A and set A 0 ¼ ZðKÞ, so that A 0 < A and jA : A 0 j ¼ p. Suppose that there is g A G À K such that A 1 ¼ C A ðgÞ 0 A 0 . Let y A A 1 À A 0 so that y A K À ZðGÞ and so we must have C G ð yÞ c K. This is a contradiction since g A G À K and g centralizes y.
We
Case (i). First assume that FðSÞ ¼ A. Then each maximal subgroup of S is minimal non-abelian and we are in a position to use Proposition 1.7. Since dðSÞ ¼ 2, we get 4 . But in any case, ZðGÞ G hh; ai, contrary to our assumption. Hence jG=Aj ¼ 4 and so S ¼ G and we have obtained the group in part (b) of Theorem 1.1.
Proof of Theorem 1.2
Let G be a finite non-abelian p-group such that whenever A is a maximal subgroup of any minimal non-abelian subgroup H in G, then A is also a maximal abelian subgroup of G. First we note that our assumption is hereditary for all non-abelian subgroups of G. Let A be any maximal abelian subgroup of G. Let B > A be a subgroup of G such that jB : Aj ¼ p and let b A B À A. By Proposition 1.6, there is a A A such that H ¼ ha; bi is minimal non-abelian. Then jH : H V Aj ¼ p and so H V A must be a maximal abelian subgroup in G. This gives H V A ¼ A and so H ¼ Ahbi ¼ B is minimal non-abelian. We have proved that whenever A is a maximal abelian subgroup of G and a subgroup X contains A as a subgroup of index p, then X is minimal non-abelian. We may assume that G is not minimal non-abelian (from case (a) of Theorem 1.2) and so G has no abelian maximal subgroup. Moreover, if U is a nonabelian subgroup of G and if U has an abelian maximal subgroup, then U is minimal non-abelian.
Case (i). Assume that p > 2. First we consider the case that G has no normal elementary abelian subgroup of order p 3 and use Proposition 1.8. In case (a) of that proposition G is metacyclic and this gives part (b) of Theorem 1.2. The case (b) of Proposition 1.8 cannot occur. Indeed, in that case G is a 3-group of maximal class having a self-centralizing subgroup X of order 9. If Y is a subgroup of order 27 containing X , then Y is minimal non-abelian. Let L be a subgroup of order 3 4 containing Y and let W be a normal subgroup of order 9 in L. Then jC L ðW Þj d 27 and so C L ðW Þ contains an abelian subgroup K of order 27. But K V Y is a maximal subgroup of Y and K V Y is not a maximal abelian subgroup in L, a contradiction. It remains to consider part (c) of Proposition 1.8, where G ¼ EH, E ¼ W 1 ðGÞ is non-abelian of order p 3 and exponent p, and H is cyclic with E V H ¼ ZðEÞ. Let E 0 be a normal abelian subgroup of type ðp; pÞ contained in E so that C G ðE 0 Þ covers G=E. But C G ðE 0 Þ=E 0 is cyclic so that C G ðE 0 Þ is an abelian maximal subgroup of G, a contradiction.
It remains to consider the case where G has a normal elementary abelian subgroup of order p 3 . Let A be a maximal normal abelian subgroup of G with jW 1 ðAÞj d p 3 . We have jG=Aj d p 2 since G has no abelian maximal subgroup.
Subcase (i1). Suppose that G=A is cyclic. Let H=A be the subgroup of order p in G=A. Then H is a non-metacyclic minimal non-abelian group of order at least p 4 and so W 1 ðHÞ ¼ W 1 ðAÞ G E p 3 and this implies that there are no elements of order p in G À A. Let K > H be a subgroup with jK : Hj ¼ p so that K=A G C p 2 . Let k A K À H so that hki covers K=A; since hki V A 0 f1g, we have expðKÞ d p 3 . Let M be any maximal subgroup of K which does not contain A. Then M covers K=A. Since K is not minimal non-abelian, it follows that M is non-abelian. On the other hand, M V H < H is an abelian maximal subgroup of M, and this implies that M is minimal non-abelian. We have proved that each maximal subgroup of K is minimal non-abelian. By Proposition 1.7, jKj ¼ p 5 and expðKÞ ¼ p 2 , a contradiction.
Subcase (i2). Assume that G=A is non-cyclic. Let S=A be a normal elementary abelian subgroup of order p 2 in G=A. Then S is non-metacyclic and for each subgroup X i =A of order p in S=A, X i is minimal non-abelian (i ¼ 1; 2; . . . ; p þ 1). Set Z i ¼ ZðX i Þ ¼ FðX i Þ c FðSÞ. We may assume that for a fixed i 0 , X i 0 is normal in G. Let Y be a maximal subgroup of S which does not contain A, so that Y covers S=A. If Y is abelian, then S is minimal non-abelian, a contradiction. Hence Y is non-abelian with an abelian maximal subgroup Y V X i 0 < X i 0 so that Y is minimal nonabelian. Using Proposition 1.7 we see that
Note that C G ðAÞ ¼ A and so either S ¼ G and we have obtained groups in part (d) of Theorem 1.2, or G=A is non-abelian of order p 3 and exponent p. In the second case we consider another subgroup S Ã =A G E p 2 in G=A (distinct from S=A). We have S V S Ã ¼ X i 0 since X i 0 =A is central in G=A and so X i 0 =A ¼ FðG=AÞ. We show (as above) that each maximal subgroup of of S Ã is minimal non-abelian and so S Ã is isomorphic to a group of Proposition 1.7 (b) and this gives Z i 0 ¼ ZðX i 0 Þ ¼ ZðS Ã Þ and hence Z i 0 ¼ ZðGÞ. But then G=A stabilizes the chain A > Z i 0 > f1g, and so G=A is elementary abelian, a contradiction.
Case (ii). We suppose that p ¼ 2 and we may assume that G is non-metacyclic. Let E be a minimal non-metacyclic subgroup of G. We use Proposition 1.9 and see that in cases (b), (c) and (d) of that proposition, E is non-abelian and has an abelian maximal subgroup. It follows that in these cases E must be minimal non-abelian, which is not the case. Hence E G E 8 , which is case (a) of Proposition 1.9. We claim that whenever A is a maximal abelian subgroup of rank at least 3 in G and K > A is a subgroup of G such that jK : Aj ¼ 4, then jKj ¼ 2 6 and K is isomorphic to the group of Proposition 1.7 (a), so that
and A is abelian of type ð4; 2; 2Þ. Indeed, if X > A is a maximal subgroup of K containing A, then jX : Aj ¼ 2 and therefore X is minimal non-abelian with
Þ is an abelian maximal subgroup of Y and so Y is minimal non-abelian. We have proved that K is a non-metacyclic group of order > 2 4 all of whose maximal subgroups are minimal non-abelian. It follows that K is isomorphic to the group of Proposition 1.7 (a) and our claim is proved.
Suppose that K 0 G and let L > K be a subgroup of G with jL : Kj ¼ 2. Letting L=K act on the seven subgroups A i =W 1 ðAÞ of order 2 in K=W 1 ðAÞ G E 8 (where all A i are abelian of type ð4; 2; 2Þ and they are also maximal abelian subgroups in G), we see that one of them, A i 0 say, is certainly normal in L. We note that L=A i 0 is a noncyclic group of order 8 since 
Proof of Theorem 1.3
Let G be a finite non-abelian 2-group all of whose minimal non-abelian subgroups are isomorphic to
In what follows we assume that expðAÞ ¼ expðGÞ ¼ 4. In view of Propositions 1.11 and 1.12 we may also assume that both Q 8 and H 2 are subgroups of G
¼ FðKÞ ¼ FðGÞ c ZðKÞ and A V K is a maximal normal abelian subgroup of K. We have to determine the structure of K and therefore in the sequel we may assume that K ¼ G and so W 1 ðAÞ ¼ W 1 ðGÞ ¼ FðGÞ c ZðGÞ.
First assume that jFðGÞj ¼ 4, so that our group G has exactly three involutions. By Proposition 1.13, G has a metacyclic normal subgroup M such that G=M is elementary abelian of order at most 4. However expðMÞ c 4 and so jMj c 2 4 and jGj c 2 6 . Since both H 2 and Q 8 are subgroups of G, we have jGj d 2 5 . Suppose that jGj ¼ 2 5 . In this case G is non-metacyclic since expðGÞ ¼ 4. If G were minimal non-metacyclic, then each minimal non-abelian subgroup of G would be isomorphic to H 2 (see Propositions 1.9 and 1.11), contrary to our assumptions. But G has only three involutions and so Proposition 1.9 implies that G has a minimal nonmetacyclic subgroup H ¼ Q Â hui with Q ¼ ha; bi G Q 8 , ZðQÞ ¼ hzi and u an involution. Since FðGÞ ¼ hz; ui G E 4 , we may assume (interchanging u and uz if necessary) that there is an element
and v induces an inner automorphism on Q. In that case G ¼ QC G ðQÞ with Q V C G ðQÞ ¼ hzi and C G ðQÞ=hzi G C 4 . But expðGÞ ¼ 4 and so C G ðQÞ splits over hzi and we get G G Q 8 Â C 4 which is a group of part (b4) of our theorem. We assume that G 0 ¼ hz; ui ¼ W 1 ðGÞ ¼ FðGÞ. If ½a; v A hzi and ½b; v A hzi, then G ¼ ha; b; vi implies that G=hzi is abelian and so G 0 ¼ hzi, contrary to our assumption. It follows that we may assume (interchanging a and b if necessary) that ½a; v A hz; ui À hzi. Since a 2 ¼ z 0 ½a; v, we have ha; vi G H 2 and so ½a; v ¼ u ¼ v 2 and v a ¼ v À1 . We have ½a; bv ¼ ½a; b½a; v ¼ zu 0 a 2 ¼ z and therefore ha; bvi G H 2 . It follows that ðbvÞ
then ½v; b ¼ u, which implies ½v; ab ¼ ½v; a½v; b ¼ uu ¼ 1 and so in this case replacing b by b 0 ¼ ab we get ½v; b 0 ¼ 1. Hence writing again b instead of b 0 we may assume again ½v; b ¼ 1. In both cases we may assume ½v; b ¼ 1 so that hv; bi G C 4 Â C 4 . We get G ¼ hv; bihai, where a acts by inversion on hv; bi and so we have obtained a group of part (b6) of our theorem. Now suppose that jGj ¼ 2 6 . First assume that G has a normal subgroup Q ¼ ha; bi G Q 8 and set ZðQÞ ¼ hzi. Since no element in G À Q induces an outer automorphism on Q (if x A G À Q induces an outer automorphism on Q, then ðQhxiÞ 0 G C 4 ). We get G ¼ Q Ã C, where
We have expðCÞ ¼ 4, jCj ¼ 2 4 and
, in which case z is a square in C, a contradiction. Hence C is non-abelian. If C is minimal non-abelian, then
Since z is not a square in C, we must have z ¼ c 2 d 2 and this is the group of part (b7) of our theorem. If C is not minimal non-abelian, then C has a subgroup Q Ã G Q 8 with Q Ã V hzi ¼ f1g. We get G ¼ Q Â Q Ã and this is a group of part (b5) of our theorem.
Now we treat the case where no quaternion subgroup is normal in G. Let Q ¼ ha; bi G Q 8 be a quaternion subgroup of G with ZðQÞ ¼ hzi.
, expðGÞ ¼ 4, and G has only three involutions, G does not have an abelian maximal subgroup. Set H ¼ QW , so that H t G. Since Q t = G, there is c A G À H such that ½Q; c G hzi. Interchanging a and b if necessary, we may assume ½a; c B hzi and so ½a; c ¼ u A W À hzi and H ¼ Q Â hui. Since ha; ci is minimal non-abelian (by Proposition 1.5) and a 2 ¼ z 0 ½a; c ¼ u, we have ha; ci G H 2 , so that z and u are the only involutions which are squares in ha; ci. If c 2 ¼ z, then ðacÞ 2 ¼ a 2 c 2 ½c; a ¼ zzu ¼ u and ½a; ac ¼ u, so that replacing c by c 0 ¼ ac (if necessary), we may assume (writing again c instead of c 0 ) from the start that c 2 ¼ u. We consider the subgroup ha; bci noting that ½a; bc ¼ zu and a 2 ¼ z. It follows that ha; bci G H 2 so that ðbcÞ In the rest of the proof we assume that jFðGÞj > 4. First suppose that G has an element v of order 4 such that C G ðvÞ is non-abelian. By Lemma 1.16, there is a quaternion subgroup Q ¼ ha; bi contained in C G ðvÞ such that Q V hvi ¼ f1g. Set ZðQÞ ¼ hzi. Let A be a maximal abelian subgroup of G containing hvi Â hai G C 4 Â C 4 . It follows that A is a maximal normal abelian subgroup of G since A > ZðGÞ and G is of class 2. which gives z x ¼ z, a contradiction. It remains to consider the case where jA : W 1 ðAÞj ¼ 2 for each maximal normal abelian subgroup A of G. We have A ¼ hyiW 1 ðAÞ; note also that each maximal abelian subgroup of G is normal in G and so G has no subgroup isomorphic to C 4 Â C 4 . For each x A G À A, we have ½x; y 0 1. Suppose that each x A G À A inverts y. Then
